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ON UNIQUENESS OF WEAK SOLUTIONS OF 
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS IN 
3-DIMENSIONAL CASE 

KAMAL N. SOLTANOV 


Abstract. Here we investigate 3-dimensional Navier-Stokes Equations in the 
incompressible case with use of different approach and we prove the uniqueness 
of the weak solutions for the data from the space, which is dense in usual space 
of data. Moreover we study the solvability and uniqueness of the weak solutions 
of problems associated with investigation of the main problem. 


1. Introduction 


In this article we investigate Navier-Stokes equations in the incompressible case, 
i.e. we consider the following system of equations: 


(1.1) 

<1 

1 

(1.2) 

div rt = ^ 

i- 

(1.3) 

u (0, x) = 


1=1 


div u = =0, X C t > 0 , 


dui dp 
' dxj dxi 


i=l 


'dx 


u{0,x) = Uo{x), xeft; u|(0,T)x9O=0 


where 12 C R‘^ is a bounded domain with sufficiently smooth boundary 912, T > 0 is 
a positive number. As it is well known Navier-Stokes equations describe the motion 
of a fluid in R‘^ {d = 2 or 3). These equations are to be solved for an unknown 
velocity vector u{x,t) = {ui{x,t)}'{ S R'^ and pressure p{x,t) £ R, defined for 
position X € R‘^ and time t > 0, hi{x,t) are the components of a given, externally 
applied force (e.g. gravity), u is a positive coefficient (the viscosity), mq {x) £ R‘^ is 
a sufficiently smooth vector function (vector field). 

As known in [T] is shown (see, also, 0,0, a, 0,0) that the Navier-Stokes 
equations (IlTI) . (fO) . (fL3t in three dimensions always have a weak solution {p, u) 
with suitable properties. But the uniqueness of weak solutions of the Navier- 
Stokes equation is not known in three space dimensions case. Uniqueness of weak 
solution were proved in two space dimensions case (0, 0, see also 0), and under 
complementary conditions on smoothnes of the solution three dimensions case was 
studied also (see, for example, 0, [12], etc.). For the Euler equation, uniqueness of 
weak solutions is strikingly false (see, 0, [TO]!. 
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It is needed to note that the regularity of solutions in three dimensions case were 
investigated and partial regularity of the suitable weak solutions of the Navier- 
Stokes equations were obtained (see, [TT], [T3], [H], [5], [5]). There exist many 
works which study different properties of solutions of the Navier-Stokes equation 
(see, for example, [6], [2], [M], [5], [S], [17], [T8], [l9], [20], [2T], [22], [23], [24], [25]), 
etc.) and also different modifications of Navier-Stokes equation (see, for example, 
[6], [26], etc.). 

In this article an investigation of the question on uniqueness of the weak solutions 
of the mixed problem with Dirichlet boundary condition for the incompressible 
Navier-Stokes in the SD case is given. Here for investigation we use an approach 
that is different from usual methods which are used for investigation of the questions 
of such type. Precisely this approach allows us to solve the posed problem. So with 
the use of the this approach we prove the uniqueness of the weak solutions of the 
incompressible Navier-Stokes equations without complementary conditions on the 
velocity, but under the complementary assumption on h and uq. And also we study 
the auxiliary problems, more exactly we prove the existence and uniqueness of the 
weak solutions of auxiliary problems. The main result of this article is the following 
theorem: 

Theorem 1. Let fl CZ be a bounded domain with sujfieiently smooth boundary 
dft, T > 0 be a number. Then for each given {h,UQ) € (o,T; (fl))^^ x 

V (11) and every fixed p € (0,T; (H)) the incompressible 3D— Navier-Stokes 

Equations (i.e. problem fO) - mM) in d = 3) has a unique solution in V (Q^). 

2. Preliminary results 


In the beginning we explore some properties that is connected with uniqueness 
of solutions of the Navier-Stokes equations. As is well known (see, for example, [5] 
and references therein) problem (II.II) - (11.31) possesses weak solution in the space 
V {Q^), that will be defined later on, for any uoi {x ), hfixfi) {i = 1,3) which are 
contained in the suitable spaces (in the case d = 3, that we will investigate here, 
essentially). 


Definition 1. Let V (Q^) be the space determined as (see, M) 

V (g^) = L^ (0, T; V (fl)) n (o, T; (R-^ (H))^) n (o, T; (H (n)f^ 


where 


and 


H(Il) = |n| ue (<’"(Il))" = (i7i(f^))', divi; = o|, 

Uo€iHin)f, heL2(0,T;(i7-i(Il))"), 
here {H (fl))^ is the closure in {LS (H))^ of 

\y} V? e (C^j” (Il))\divv? = o|. 

Definition 2. Au & V (Q^) is called the solution of problem U.l\} - U.S\} ifu {t,x) 
satisfies the initial condition u (0, x) = uq (x) and the following equation 

4 {u,v) - {vAu,v) + = {h- Vp,v) 


\i=i 
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for any v €V {Q^) and of every fixed p G (Q^) (Oj sense of Lf 0 

So, from now on we will use this definition together with the standard notation 
that is widely used in the literature. Let the posed problem have two different 
solutions u{t,x),v{t,x) G V (Q^), then within the known approach we get the 
function w(t^ x) = u{t, x) —v(t, x) of the following problem (as is well known, if this 
method is used then the pressure p ’’will disappear”) 



(2.2) w (0,a:) = Wo (a;) = 0, a; G ff; w | (o,T)xan = 0, 

where (/,g) = Y.! hddx for any f,g G {H or / G (fl))^ and g G 

i=in 

(iL“^ (n)) , respectively. 

Now we have some remarks about properties of solutions of the problem (HID 

- dm- As is known (n, 0,0), problem (HD - dUD is solvable and possesses 
weak solution that is contained in the space V (Q^), which is defined in Definition 
[T] Therefore we will conduct our study under the condition that problem (11.11) 

- dOD have weak solutions and they are contained in V (Q^)- For the study of 
the uniqueness of the posed problem in the three dimensioned case we will use 
the ordinary approach by assuming that problem (HD - (HD has, at least, two 
different solutions u{t, x),v{t, x) G V {Q^) but using a different procedure we will 
demonstrate that this is not possible. 

Consequently if we assume that problem (HD-(HD have two different solutions 
then they need to be different at least on some subdomain Qf of . In other 
words there exist a subdomain of D and an interval (^ 1 ,^ 2 ) C (0,T] such that 
subdomain Q'l one can define as Qj C (^ 1 ,^ 2 ) x fli C Q'^ with meas 4 (Qf) > 0 
for which the following is true 

(2.3) meas 4 ({(t,a;) G \ \u{t,x) — v{t,x)\ > O}) = meas 4 {Qi) > 0 

here we denote the measure of Qj in as meas 4 (Qi') (Four dimensional Lebesgue 
measure.) Whence follows, that for the subdomain Di takes place the inequation: 
TOeas3(Di) > 0. 

Even though we prove the following lemmas for d > 1, we will use them mostly 
for the case d = 4. 

In the beginning we prove the following lemmas that we will use later on. 

Lemma 1. Let G C R‘^ be Lebesgue measurable subset then the following statements 
are equivalent: 

1) 00 > measd (G) > 0; 

there exist a subset L C measi (!) > 0 and Gp C Lp^d-i, measd-i [Gp) > 
0 such that G = ^ Gp U N, where N is a set with measd-i (N) = 0, and Lp^d-i 

is the hyperplane of R‘^, with codimd Lp^d-i = 1, for any j3 G I, which is generated 
by single vector yg G R‘^ and defined in the following form 

Lp^d-i = {yGR‘^\{yo,y) = /3}, MjdGl. 


^For the widened explenation one can look [6]. 
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Proof. Let measd (G) > 0 and consider the class of hyperlanes for which 

G n L.y^d -1 7 ^ 0 and 7 € Ii, here h C be some subset. It is clear that 

G= U {xGGnL^,d-i\l&Ii}- 

-yell 

Then there exists a subclass of hyperplanes {L^^d-i | 7 G /i } for which the inequal¬ 
ity measd-i {G C\ L-f^d-i) > 0 is satisfied. The number of such type hyperplanes 
cannot be less than countable or equal it because measd (G) > 0, moreover this 
subclass of Ii must possess the measure greater than 0 since measd (G) > 0. 
Indeed, let Ii q be this subclass and measi (/i,o) = 0. If we consider the set 

{(Ti y) s ^1,0 X G n L^^d-i I 7 s ^i,0i y G G n L^^d-i } c R'^ 

where measd-i (G fl L.y^d-i) > 0 for all 7 G Ii^o, but measi (/i,o) = 0, then 
measd ({( 7 , v) G ^ 1,0 x G n L^^d-i \ 7 S /yo }) = 0. 

On the other hand we have 

0 = measd ({( 7 , y) G h x G Cl | 7 S /i }) = measd (G) 

as measd-i (G fl L^^d-i) = 0 for all 7 G But this contradicts the condition 

measd (G) > 0. Consequently, the statement 2 holds. 

Let the statement 2 holds. It is clear that the class of hyperplanes Lp^d-i 
defined by such way are paralell and also we can define the class of subsets of 
G as its cross-section with hyperplanes, i.e. in the form: Gp = G 0 Lp^d-i, 
(3 G I. Then Gp ^ 0 and we can write Gp = G Ci Lp^d-i, f3 G I, moreover 
G = U {x G G n Lp d-i I P G I}U N. Whence we get 
/3e/ 

G = {(/3, x) € / X G n Lp^d-i I /3 G /, X G G n Lp d-i } U iV. 

Consequently measd (G) > 0 by virtue of conditions measi (/) > 0 and 
measd-i {Gp) > 0 for any j5 G I. □ 

From Lemma[T]it follows that for the study of the measure of some subset Vl G R'^ 
it is enough to study its foliations by a class of suitable hyperplanes. 

Lemma 2. Let problem has, at least, two different solutions u,v that 

are contained in V (Q^). Then there exists, at least, one class of parallel and differ¬ 
ent hyperplanes La, a G I Q ( 01 , 0 : 2 ) C R^ (02 > ai) with codimfl .3 Lq = 1 such, 
that u V on = [(0, T) x {Lin La)] H Qf, and vice versa, here measi (I) > 0 
and La are hyperlanes which are defined as follows there is vector xg G Sfi (0) 
such that 

La = {x G R^ \ (xo,x) =0, Vo G /} . 

Proof. Let problem (fTTl) - don have two different solutions u,v G V {Q^) then 
there exist a subdomain of on which these solutions are different. Then there 
are ti,t 2 > 0 such, that for any t G J G[ti,t 2 ] G [0,T) the following holds 

(2.4) measfi3 ({x G SI | |it (t, x) — x (t, x) | > 0 }) > 0 

where measi (J) > 0 by the virtue of the codition 

measi ({(t,x) G \ \u{t,x) — v{t,x)\ > O}) > 0 
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and of Lemma [T] Hence follows, that there exist, at least, one class of parallel 
hyperplanes La, a G I C (ai,a 2 ) C with codim^fs Lq = 1 such that 

(2.5) measfi 2 {x G H n La | |u (t, x) — u (t, x) | > 0 } > 0, Va G I 

for Vt G J, where the subset I is such that I C (Q;i,a 2 ) C with measi (!) > 0, 
measi (J) > 0 and (j2.5l) holds, by virtue of (12.4p . This proves the ”if’ part of 
Lemma. 

Now consider the converse assertion. Let there exist a class of hyperplanes La, 
a G /i C (ai,a 2 ) C R^ with codim^s La = 1 that fulfills the condition of Lemma 
and Ii satisfies the same condition /. Then there exist, at least, one subset Ji of 
[0,r) such, that measi (Ji) > 0 and the inequality u{t,x) ^ v{t,x) on with 
meaSi {Q 2 ) > 0 defined as Qi' = Ji x Ul takes place, where 

(2.6) Ul = [J {x G fin La \ u{t,x) ^ V (t,x)} C ft, t G Jl 

CX^Il 

for which the inequality mesj^i {Ul) > ^ is satisfied by the condition and of Lemma 

[II 

So we get 

u {t, x) ^ V {t, x) on = Jl X Ul, meas 4 {Q 2 ) > 0. 

Thus the fact that u {t, x) and v {t, x) are different functions in V (Q^) follows. □ 

May be one can prove more general lemmas of such type with the use of regularity 
properties of weak solutions of this problem (see, [9], [13], [14], etc.). 

3. Uniqueness of Solutions of Navier-Stokes Equations in Three 

Dimension case 

From Lemma ID it follows that for the investigation of the posed question it is 
enough to investigate this problem on the suitable cross-sections of the domain 
Q'^ = (0,T) X fl. 

So, firstly we will define subdomains of Q'^ = (0, T) xfl as follows = (0, T) x 
(U n L), where L is arbitrary fixed hyperplane of the dimension two and U n L 7 ^ 
0 . Therefore we will study the problem on the subdomain defined by the use of 
the cross-section of fl by arbitrary fixed hyperplane dimension two L, i.e. by the 
codim ^3 L = 1 (fl fl L, namely on = (0, T) x (fl fl L)). 

Consequently, we will investigate uniqueness of the problem (11.11) - (11.31) on the 
’’cross-section” defined by the cross-section of fl, where fl C i?^. This cross- 
section we understand in the following sense: Let L be a hyperplane in R^, i.e. with 
CO dim/js L = 1, that is equivalent to R^. We denote by fl^ the cross-section of the 
form fli = flnL 7 ^ 0 , mesp 2 (Ul) > 0, in the particular case L = (xi,X 2 , 0 ). 
In the other words, if L is the hyperplane in R^ then we can determine it as 
L = {x G I oixi -I- 02 X 2 -I- 03 X 3 = 6 }, where coefficients ai,b G R^ {i = 1,2,3) 
are the arbitrary fixed constants. Whence follows, that 03 X 3 = b — aiXi — 02 X 2 
or X 3 = ^ (& — oiXi — 02 X 2 ) if one assume ai ^ 0 {i = 1,2,3), or if one takes 
into account of substitutions: — => b, — => ai and — 02 we derive X 3 = 

b — oiXi — 02 X 2 in the new coefficients. 

Thus we have 

Ds = + |^D2 = -a^Di - a2^D2 & 


(3.1) 
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d 

(3.2) DI= a7'^Dl +a:;‘^Dl + 2a7^a2^DiD2, A = 7 ^, * = 1, 2, 3. 

UXi 

For the application of our approach we need to assume that functions ug and 
h posseses some smoothness. Moreover as is known from the existence result p is 
arbitrary fixed elements of (Q^) j but we will assume here and its smoothness. 

So we assume the following conditions in order to apply the our approach to the 
posed problem, i.e. now we need take account the following condition of Theorem 
[T] holds. More exactly: 

Let p G ( 0 , T; (fl)) and 

Uo€{H^{n))\ h€L^(o,T;{H^{n)f). 

Then we can transform of problem dLi]) - (irsD to the following problem, that is 
equivalent to the posed problem on [0, T) x Ql hy virtue of the above condition of 
the main theorem, here T > 0 some number, 

^ - vAu + '^UjDjU + Vp = - V [D\ + + Df) UL+ 

t=i 

uliDiUl + UL2D2UL + UL3D3UL + S 7 pL = - V \JD\ + D\ + ^D\ + 

^^2 + 2 ai ^02 ^DiD2\ ul + uliDiUl + UL 2 D 2 UL — uls^i — 

du 

UL30-2 ^D 2 Ul + Vpi = - 12 [(1 + Di + (1 + 02 £^2] 

(3.3) _ _ 

2va^ ^02 ^DiD2Ul + {uli - DiUl + {ul 2 - a2 + Vp^ = A 

on (0,T) X ffi, by virtue of p.ll) and p.2l) . We get 

(3.4) divuL = Di [ul - a'^^UL^) + A {ul - a^^ULs) =0, x G Ql, t>0 


(3.5) ul{0,x) = ULo{x) , (t,x) G (0,T) X flL; ml | (o.T)xani, = 0- 

using same way. 

In the beginning it is necessary to investigate the existence of the solution of 
problem (1^ - (EH) and determine the space where the existing solutions are 
contained. Consequently for ending the proof of the uniqueness theorem, it is 
enough to prove the existence theorem and the uniqueness theorem for the derived 
problem (13.3p - (13.5L in this case. So now we will investigate (j3.3l) - (13.5p . 


3.1. Existence of Solution of Problem (|3.3p - (|3.5p . To carry out the known 
argument started by Leray m, see, also i) we can determine the following space 

M(flL) = |m| uG (<’2(0^))" = (i£i(fli))" ,divu = o|, 

where div is regarded in the sense (13.41) . Consequently, a solution of this prob¬ 
lem will be understood as follows: Let G ^0,T; (12^))^^ and uql £ 

(A here {H (Hl))^ is the closure in (L^ of 




p G (Co°“ (A))" ,div(p = o}. 
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So, following the terminology used by J.-L. Lions [ 6 ] we call the solutions of the 
problem (I3.3|l - (j3.5l) a pair of functions {uL{t,x),pL{t,x)) if (uL{t,x),pL{t,x)) is a 
solution of the problem 


dt 


{ul, v)-{iyAuL,v)+ 


(Y^ULjDjUL,V 

\i=i 


{hL-VpL,v), {ul{x) ,v) = {uoL,v) , 


for any v G V (JIl), then a function p^ {t,x) will be chosen as a fixed element 
of ((0, T) X ^ here (o, o) is the dual form for the pair of spaces 

Hence we obtain 

2 dt W + u (l + 0;^ \\DiUL\\(^H(nL)f 


U (l + 02 ||£’2Ul||(jj(Oj.)) 3 (t) + 2uai ^02 ^ {DiUL,D2Ul) (t) = {hL,UL) , 

3 

with use of (EH) and next (EUl), where (/, g) = I fi 9 idx for any f,g € (H (Hz,)) , 

i—lflL 

or / G and g G (Hz,))^, respectively. 

From the above equality by usual calculations (as in 0,113, etc.) we get a priori 
estimates for the functions u{t,x) that shows the inclusion ul gV (Qf), where 


(3.6) 

F (Ql) = (0, T; F (Hz,)) n (o, T; (ff-^ (Hz))") n (o, T; (H (Hz))") . 

If one take into account the stationary part (or elliptic part) in the left side of 
above equality then it is not difficult to see the coerciveness of the operator induced 
by this part from (0,T;V (Hz)) to ^0,T; (H~^ (Hz))"). Moreover with the 

use of the embedding theorems (see, [ 6 ], [26], [24]) we obtain the weak compactness 
of the operator induced by the posed problem, also. The calculations of such type 
were used in many works devoted to the problems of such type(see, in particular, 
0 , m, [28] and their references). 

So, with use of methods employed for problems of such type (see, for example, 
0, m etc.) we obtain solvability of this problem in the space F (Qz). 
Consequently the following result is proved. 

Theorem 2. Under above conditions for any {hL,uoL) G ^0, T; (Hz))") x 

{H (Hz))" problem iS. ,9)) - id. ,51) has weak solutions {ul {t,x) ,pl {t,x)) that is con¬ 
tained in Fz (Qz) X L2 (Qz), here pl G L2 (Qz) arbitrary fixed element. 

We need to note that for the proof of this theorem it is enough to apply the known 
general solvability result from [26] (or [24], [28], [25] see, also their references). 


3.2. Uniqueness of Solution of Problem (|3.3|1 - (I3.5|l . For the study of the 
uniqueness of the solution as usually: we will assume that the posed problem have 
two different solutions u = ( 111 , 1 x 2 , 113 ), v = {vi,V 2 ,V 3 ) and pi,P 2 , and we will 
investigate its difference: w = u — v, p = pi — p 2 . (Here for brevity we won’t specify 
indexes for functions as we investigate problem (13. 3 1) - (13. 5 1) on Qj.) Then for w,p 
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we obtain the following problem 



— h'[[l + + (l + 02 -D|] w — 2va^ ^DiD2W+ 

(ui — Diu — (f;! — Div + {u2 — D 2 U— 

[v2 — a^^vs) D 2 V + Vp — 0, 

divw = £>1 [(u — a]"^U 3 ) — [v - + D 2 [(u — a^^us) — 


( 3 . 7 ) [v — 02 ^ns)] = Diw + D2W — (o^ ^£>1 + O2 ^£>2) W3 = 0 , 


( 3 . 8 ) 


w( 0 ,a;)= 0 , xef^n£; w | (o,T)x9ni = 0 . 


Hence we derive 


2 ^ll'“^ll 2 + ^ (1 + «1 Il-C’iwll^ + (1 + O2 ||£> 2 W ||2 + 


2L'ai ^02 ^ {Diw, D2W) + ((ui — tti ^03) Diu — [vi — ^ria) Div, w) + 
( (m2 — D2U — [v2 — a^^vs) D2V, w) = 0 


or 


11^112 + ^ (ll^l^«ll2 + 11 ^ 2 ^ 112 ) + Oi ^ \\Dlw\\l + 


O2 ^ IID2WII2 + 203 ^02 ^ {Diw, D2W) + {uiDiu — viDiv, w) + 


(3.9) 


{U2D2U — V2D2V, w) — {U3D1U — V3D1V, w) — O2 ^ {U3D2U — V3D2V, w) = 0. 

If we consider the last 4 added elements of left part (13.91) . separately, and if we 
simplify the calculations then we get 

{wiDiU, w) + {viDiW, w) + {w2D2U^ w) + {V2D2W, w) — 

{W3D1U, w) — {V3D1W, w) — o^^ {W3D2U, w) — o^^ {V3D2W, w) = 

{wiDiU, w) - i^Vl,DiW^) + {W2D2U, w) + - (V2, D2W^) — O)"^ {W3D1U, w) — 

{v3,Diw'^) - 02 ^ {w3D2U,w) - io^^ {v3,D2'uP‘) = 



In the last equality we use the condition divu = 0 (see, (13.41) 1 and the condition 


If we take into account this equality in equation (13.91) then we get the equation 



02 ^ IIII2WII2 + 203 ^02 ^ {Diw, D2W) + {{wi — 03 ^wa) w, Diu) + 
( 3 . 10 ) ({w2 — a2^W3) w,D2u) = 0 , (t, x) e ( 0 , T) X Hi 
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Consequently, we derive the Cauchy problem for the equation (13.101) with the 
initial condition 

(3.11) Ikll^ ( 0 ) = 0 . 

Hence giving rise to the differential inequality we get the following Cauchy prob¬ 
lem for the differential inequality 

11^112 + ^ (ll^i«^ll 2 + P 2 WII 2 ) < \{{wi - w,Diu)\ + 

(3.12) \({w2 - a2^W3) w, D2 u)\ , 

with the initial condition (13.111) . 

We have the following estimate for the right side of (3.10’) 

|((wi - w,Diu)\ + |((?i ’2 - w,D 2 u)\ < 

(||wi - aC^wa||4 + 11^2 - a^^W3||4) ||Vu||2 < 

whence with the use of Gagliardo-Nirenberg inequality ([29]) we have 

(1 + max{|a"^| , |a^^|}) |k ||4 ||Vm ||2 < c||w ||2 ||Vw ||2 ||Vm ||2 . 

It follows to note that 

(wi - a^^ws) w, (w 2 - w G (0,T;V* (Hi)) 

by virtue of (13.61) . 

Now taking this into account in (13.121) one can arrive the following Cauchy prob¬ 
lem for inequality 

11^112 (0 + l|Vw||2 (t) < C ||w||2 (t) ||Vw||2 (t) II Vu||2 (t) < 

C (c, u) II Vr||^ (t) Ikll^ (t) + u II Vzcll^ (t), ||zi ;||2 (0) = 0 

since w G L°° (o,T; {H (Hi))^j, and consequently ||u >||2 ||Vr (;||2 G (0,T) by the 

virtue of the above existence theorem w G V (Q^), here C (c, u) > 0 is constant. 
Thus we obtain the problem 

^ Ikllz (1) < 2^ (c, v) II VMII 2 (t) ||w ||2 (1) , ||w ||2 (0) = 0, 

if we denote ||u ;||2 (t) = y (t) then 

(t) < 2C (c, u) IIVMII 2 (t) y{t), y (0) = 0. 

Consequently we obtain ||ic ||2 (t) =y{t) = 0, i.e. the following result is proved: 

Theorem 3. Under conditions of Lemma 2.1 for each given 

(h, Mo) G ( 0 , T; (iJ-i (Hi))") X [H {^L)f 

problem W.3\) - 15*. 51) has a unique weak solution (u{t,x) ,p{t,x)) that is contained 
in V (Qi) X L 2 {CIl) (here as above p G L 2 (Qi) is arbitrary fixed element). 
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3.3. Proof of Theorem [H 

Proof, (of Theorem [T]). As is known ([1], [8], [6]), problem (HH) - dLll) is solvable 
and possesses weak solution that is contained in the space V (Q'^)- So, assume 
problem (UTI) - ([Ol) has, at least, two different solutions under conditions of The¬ 
orem [I] 

It is clear that if the problem have more than one solution then there is, at 
least, some subdomain of = (0,T) x 17, on which this problem has, at least, 
two solutions such, that each from the other are different. Consequently, starting 
from the above Lemma [2] we need to investigate the existence and uniqueness of 
the posed problem on arbitrary fixed subdomain on which it is possibl that our 
problem can possess more than one solution, more exactly in the case when the 
subdomain is generated by an arbitrary fixed hyperplane by the virtue of Lemma 
[5] It is clear that, for us it is enough to prove that no such subdomain generated 
by a hyperplane on which more than single solutions of problem (ITT]) - ((Ol) exists, 
again by virtue of Lemma [2l In other words, for us it remains to use the above 
results (i.e. Theorems [5] and [3]) in order to end the proof. 

From the proved theorems above we obtain that there does not exist a subdo¬ 
main, defined in the previous section, on which problem (fTTl) - dO]) reduced on 
this subdomain might possesses more than one weak solution. Consequently, taking 
Lemma into account we obtain that the incompressible Navier-Stokes equation 
(i.e. problem dni- dH) under conditions of Theorem [1] possesses only one weak 
solution. □ 

Hence one can make the following conclusion 

4. Conclusion 
Let p G L'^ (Q^) is arbitrary fixed element and 

(h, uo) G (O, T; (iL-i (17))") x {H (17))" . 

Well known that the following inclusions are dense 

(0, T; iJi (17)) C (Q^) ; F (17) C {H (17))" & 

L" (0,r; (i/i (17))") C (0,r; (iL"! (17))") 
consequently there exist sequences 

c (0, T; (17)) ; {uo^}Z=, C F (17); 

{hm}^=^CL^ (0,r; (Lfi (17))") 

such that Pm —5- P in {Q’^) and WpmWr-^^QT) < WpWl'^^qt), uom —)■ mq in 
{H (17))" and ||uorri||(jj(n))3 < ||uo||(ij(n))3, hm —>hm (o,T; (17))") and 

||^m||j;,2('o_r;(i/-i(0))3) < ll^llL2(o,T;(H-i(n))^)- 

Consequently for any e > 0 there exist m(e) > 1 such that under m>m{e) for 
the corresponding elements pm, uom, hm of the above sequences 

Up ~ Pm|li2(QT) < £; ||ll0 ~ IlOm II (^f(n))3 < £; 11^ ~ ^m||^2^Q <£ 

hold, and also the claim of Theorem [T] is valid for problem ( 11 . 11 ) - (11.31) with these 
elements. 
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One can note that the space that is everywhere dense subset of the necessary 
space possess the minimal smoothnes in the relation with this space and also is 
sufficient for the application of our approach. So we establish; 

Proposition 1. For any (h,uo,p) from the space (O, T; (il)) x P (il) x 
(O, T; (n)) that is everywhere dense in the space ^0,T; x 

{H (n))^ X {Q^) ^^6 incompressible Navier-Stokes equation has unique solution 
in V (Q^) in the sense of Definition[^ 
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